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Abstract
We propose matter wavefunctions on resolutions of T 2/ZN singularities with constant mag-
netic fluxes. In the blow-down limit, the obtained wavefunctions of chiral zero-modes result
in those on the magnetized T 2/ZN orbifold models, but the wavefunctions of ZN -invariant
zero-modes receive the blow-up effects around fixed points of T 2/ZN orbifolds. Such blow-
up effects change the selection rules and Yukawa couplings among the chiral zero-modes
as well as the modular symmetry, in contrast to those on the magnetized T 2/ZN orbifold
models.
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1 Introduction
Toroidal orbifold models [1, 2], originally constructed in the heterotic E8×E8 or SO(32) string
theories [3, 4], are theoretically and phenomenologically interesting, since all the couplings are
calculable not only within the framework of conformal field theory (CFT), but also in the
quantum field theory. Indeed, in the four-dimensional low-energy effective action of super-
string theory on toroidal orbifold backgrounds, Yukawa couplings and higher-order couplings
among matter fields are determined by stringy CFT calculations [5, 6, 7, 8, 9] and integrals
of their internal wavefunctions in field-theoretical calculations. Furthermore, toroidal orbifold
backgrounds with magnetic fluxes and Wilson lines provide us with phenomenologically inter-
esting model building including possibility of realizing quark and lepton masses and mixing
angles.(See, e.g., Refs. [10, 11, 12].)
To go beyond the toroidal orbifold models, blow-up models are another useful model building
approach, where the singularities are replaced by the Eguchi-Hanson spaces [13].1 However,
it is difficult to use the CFT technique on resolutions of general toroidal orbifolds. In the
field-theoretical approach, metric and gauge fluxes are explicitly constructed in a certain class
of resolution of toroidal orbifolds like CN/ZN with N ≥ 2 [17] and stringy corrections are
discussed on them [18]. The topological quantities can be also derived by employing the toric
geometry [19], but the matter wavefunction and their couplings are not fully explored so far.
1Smooth Calabi-Yau compactifications with gauge background are other useful model building ap-
proaches [14], but most of the couplings are understood at the topological level. (See for the recent work,
e.g., Refs. [15, 16].)
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In this paper, we propose the wavefunctions of chiral zero-modes on the blow-ups of T 2/ZN
orbifolds, where the orbifold fixed points are replaced by a part of a sphere. Then, we aim
to explicitly calculate Yukawa couplings on the blow-ups of T 2/ZN orbifolds. Our analysis is
applicable to more general factorisable tori like T 2×T 2×T 2/ZN . We find that in the blow-down
limit, the obtained matter wavefunctions approach to the well-known wavefunctions on toroidal
orbifolds. The Yukawa couplings among chiral zero-modes as well as the modular symmetry
are different from the toroidal orbifold results, because ZN -invariant zero-modes receive the
blow-up effects around fixed points of T 2/ZN orbifolds.
The remainder of this paper is organized as follows. In Sec. 2, after briefly reviewing the
matter wavefunctions of torus and toroidal orbifolds, we consider the blow-ups of several toroidal
orbifolds, where the orbifold fixed points are replaced by a part of S2. As a consequence of the
blow-up effects, zero-mode wavefunctions are changed to the wavefunctions on S2. Then, we
discuss the conditions to smoothly connect the wavefunctions on toroidal orbifolds and S2. The
normalization of wavefunctions are shown in the end of Sec. 2. From the obtained deformed
wavefunctions, we calculate the overlap integrals of wavefunctions, namely Yukawa couplings
as shown in Sec. 3. The modular symmetry is also discussed. Finally, Sec. 4 is devoted to the
conclusion. In Appendix A, we show detailed calculations on the wavefunction normalization
and Yukawa couplings.
2 Zero-mode wavefunctions on resolutions of T 2/ZN
2.1 Wavefunctions on T 2 and T 2/ZN
In this section, we first briefly review the wavefunctions of chiral zero-modes, starting from
6-dimensional supersymmetric Yang-Mills theory on toroidal background with U(1) magnetic
fluxes [20]. The background flat metric in the complex coordinates z = x+ τy is chosen as
g = (2piR)2
(
0 1
2
1
2
0
)
, (1)
where R and τ denote the radius and complex structure of the torus, respectively. The U(1)
magnetic flux satisfying the Hermitian Yang-Mills equation is given by
F =
iM
2Imτ
dz ∧ dz¯, (2)
which must be quantized on T 2, namely (2pi)−1
∫
T 2
F = M ∈ Z. The above magnetic flux is
derived from the following vector potential
A =
M
2Imτ
Im(z¯dz). (3)
On this gauge background, the zero-mode equation of fermion on T 2
Ψ(z, z¯) =
(
ψ+
ψ−
)
(4)
2
originating from the internal wavefunction of gaugino, is given by
6DΨ = 0. (5)
Since the magnetic flux M generates the net-number of chirality through the index theorem on
T 2, either component ψ+ or ψ− has a solution of zero-mode equation. In particular, when M
is positive (negative), ψ+ (ψ−) has the |M | number of degenerate zero-modes. In terms of the
Jacobi theta function
ϑ
[
a
b
]
(z, τ) =
∑
l∈Z
epii(a+l)
2τe2pii(a+l)(z+b), (6)
the zero-mode solution is known to be
ψj,M+ (z) =
(
2MImτ
A2
)1/4
eipiMzIm(z)/Imτϑ
[
j
M
0
]
(Mz,Mτ), (M > 0),
ψ
j,|M |
− (z) =
(
2|M |Imτ
A2
)1/4
eipi|M |zIm(z)/Imτϑ
[ j
|M |
0
]
(|M |z, |M |τ), (M < 0), (7)
where j = 0, 1, ..., (|M | − 1) represents the zero-mode index and A = 4pi2R2Imτ is the area of
torus determined by the orthonormality condition. Here and in what follows, Wilson lines are
not included in our analysis for simplicity. The lowest-mode solution of scalar fields φj,M(z),
originating from the internal component of the 6-dimensional vector field, is given by the same
functional form with massless fermions. Although supersymmetry is broken by the background
magnetic flux, we can realize four-dimensional supersymmetric vacua in higher-dimensional
supersymmetric Yang-Mills theory on factorizable tori such as 10-dimensions by choosing mag-
netic fluxes in a proper way. In such models, lowest scalar modes become massless. Throughout
this paper, we assume that supersymmetry is preserved in the whole system and we focus on
one of the tori.
Next, we move on to the wavefunctions of chiral zero-modes on toroidal orbifolds T 2/ZN .
In the simple T 2/Z2 orbifold case, the torus T
2 ≃ C/Λ with Λ being a 2-dimensional lattice,
is further identified with Z2-transformation z → −z, under which there exist four-fixed points.
Thus, the zero-mode solutions are categorized by two classes, Z2-even and -odd zero-modes,
namely [21]
ψj,M
T 2/Z±2
=


1√
2
eipiMzIm(z)/Im(τ)
(
ϑ
[
j
M
0
]
(Mz,Mτ) ± ϑ
[
M−j
M
0
]
(Mz,Mτ)
)
(0 < j < M
2
)
eipiMzIm(z)/Im(τ)ϑ
[
j
M
0
]
(Mz,Mτ) (j = 0, M
2
)
,
(8)
up to a normalization factor which is explicitly shown later. It is noted that the zero-mode
wavefunctions satisfy ϑj,M(−z) = ϑM−j,M(z) and ϑj,M(z) with j = 0,M/2 are the Z2-even
3
wavefunctions. In a similar way, the wavefunctions on T 2/ZN orbifolds are described by [22,
23, 24]
ψj,MT 2/ZmN
=
1√
N
N−1∑
k=0
(ρm)
kψj,MT 2 (ρ
kz), (9)
with ρm = e
2piim/N (m ∈ Z), satisfying ρNm = 1. (See for more explicit forms Ref. [24].) Here,
ψj,MT 2 is the wavefunction on T
2 as shown in Eq. (7) and the bosonic wavefunction φj,MT 2/ZN is the
same with the fermionic one.
2.2 Blow-ups of T 2/ZN
In this section, we cut out the T 2/ZN orbifold singularities and replace it by a part of S
2. The
reason why we use S2 is understood from the discussion of the Euler number of T 2/ZN [25].
For example, in the case of T 2/Z2 with four fixed points, the Euler number on T
2/Z2 removing
four fixed points is given by
χ(T2)− 4
2
= −2, (10)
where we use χ(T 2) = 0, χ = 1 for a point and an order of Z2 is 2. After replacing each fixed
point with the disk, we obtain the Euler number of T 2/Z2
χ(T2)− 4
2
+ 4 = 2, (11)
which is equivalent to the Euler number of S2. The above discussion is applicable to T 2/ZN
case. In the following analysis, we replace fixed points of T 2/ZN with a part of sphere and
discuss the wavefunction around the blow-up region of T 2/ZN . Note that the T
2/Z4 orbifold
includes C/Z2 singularity in addition to C/Z4 singularities and the T
2/Z6 orbifold includes
C/Z2 and C/Z3 singularities in addition to C/Z6 singularity, although the origin (x, y) = (0, 0)
on T 2/ZN always corresponds to the C/ZN singularity.
2.2.1 T 2/Z2
First of all, we focus on the fixed point (x, y) = (0, 0) on T 2/Z2 orbifold. The blow-up of
the orbifold singularity is carried out geometrically as follows. Taking into account the Z2
identification z ≃ −z, a cone with radius r/2 is cut out, in which we embed a quarter of S2
with radius r/
√
3 as illustrated in Fig. 1.
Now, let us study the wavefunctions on the blow-up through the above geometrical proce-
dure. As discussed in Ref. [26], the zero-mode wavefunction of scalar field on CP1 ≃ S2 with
magnetic flux M ′ is given by
φj,M
′
S2 (z
′) =
f j,M
′
(z′)
(1 + |z′|2)M ′/2
, (12)
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Figure 1: The left panel shows the net of a cone cut out from T 2/Z2, whereas in the right
panel, the cone cut out by T 2/Z2 and a section of embedded quarter of S
2 with radius r/
√
3
are drawn.
where f j,M
′
(z′) is the holomorphic function with respect to the coordinate of CP1 z′ and j
denotes the multiplicities of zero-modes determined by the fluxM ′. Here, we use the same index
label j as in the T 2/Z2 case in order to smoothly connect the S
2 and T 2/Z2 wavefunctions in the
blow-down limit r → 0 as shown in the following analysis. The wavefunction of fermionic zero-
mode on CP1 ≃ S2 is given by the same functional form, but the flux is shifted toM ′ →M ′+1
due to the curvature of S2. (That is, the form of wavefunctions is the same between the scalar
and spinor fields, but the meaning of M ′ is different by the spin connection. ) In the following
analysis, we focus on the scalar wavefunction. In the setup of Fig. 1, z′ corresponds to the S2
coordinate as (
cos
θ
2
)M ′
=
1
(1 + |z′|2)M ′/2
, (13)
with z′ = tan θ
2
eiϕ. When we denote by w the coordinate of a spherical surface, w is written
by w = r
2
√
3z′ = r
2
eiϕ at θ = θ0 as shown in Fig. 1. Furthermore, under the coordinate
transformation z → w, the derivative of holomorphic function f j,M ′ is transformed as
df j,M
′
(z)
dz
∣∣∣∣
z=reiϕ/2
=
df j,M
′
(w)
dw
∣∣∣∣
w= r
2
eiϕ
=
1
√
3
2
r
df j,M
′
(
√
3
2
rz′)
dz′
∣∣∣∣
z′= 1√
3
eiϕ
. (14)
Let us examine whether the T 2/Z2 wavefunction at |z| = r is smoothly connected with the
S2 wavefunction at θ = pi/3 or not, namely
cj,M1 φ
j,M
T 2/Z+2
∣∣∣∣
|z|=r
= dj,M
′
1 φ
j,M ′
S2 (z
′)
∣∣∣∣
θ=pi
3
, (15)
where we introduce the normalization factor cj,M1 and d
j,M ′
1 and the bosonic wavefunction is now
considered. As explicitly discussed later, the Z2-odd mode is not a zero-mode after the blow-up.
To smoothly connect the T 2/Z2 wavefunction into the S
2 wavefunction in the blow-down limit
r → 0, we make the Ansatz that the holomorphic part of T 2/Z2 wavefunction (8) is unchanged
after the blow-up.
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Under this Ansatz, we first investigate the non-holomorphic part of the S2 and T 2/Z2
wavefunctions. We find that both the T 2/Z2 and S
2 wavefunctions are smoothly connected
under the following two conditions,
cj,M1 e
− piM
2Imτ
r2 = dj,M
′
1 cos
M ′ pi
6
,
d
dr
cj,M1 e
− piM
2Imτ
r2 =
√
3
r
d
dθ
dj,M
′
1 cos
M ′ θ
2
∣∣∣∣
θ=pi
3
, (16)
which can be solved as
cj,M1
dj,M
′
1
=
(√
3
2
)M ′
e
M′
4 ,
M ′
4
=
pir2
2Imτ
M. (17)
The latter flux condition is justified as follows. We remind that an amount of flux quanta in
the T 2/Z2 region reduces to
pir2/2
Imτ
M , because the area cut out from T 2/Z2 is pir
2/2 compared
with the total area Imτ . By a similar reason, an amount of flux quanta in the S2 region also
reduces to M ′/4 due to the fact that we embed a quarter of S2.
Next, we discuss the holomorphic part of the wavefunctions. In the case of j = 0,M/2, we
find the following holomorphic function f j,M
′
(z′) in the bosonic wavefunction on S2 is consistent
with the coordinate transformation (14),
f j,M
′
(z′) = gj,M
(√
3
2
rz′
)
(18)
with
gj,M(z′) ≡ e piM2Imτ z′2ϑ
[
j
M
0
]
(Mz′,Mτ). (19)
It is noted that M ′ depends on M through Eq. (17).
On the other hand, in the case with 0 < j < M/2, by using
ϑ
[
M−j
M
0
]
(Mz′,Mτ) =
∑
l
epiiMτ(
M−j
M
+l)
2
e2piiMz(
M−j
M
+l)
=
∑
l′=−l−1
epiiMτ(
j
M
+l′)
2
e−2piiMz(
j
M
+l′)
= ϑ
[
j
M
0
]
(Mzeipi ,Mτ) (20)
and taking into account the fact that the argument of z′ is multiplied by 2 under z → z′, the
holomorphic function f is chosen as
f j,M
′
(z′) =
√
2gj,M
(√
3
2
rz′
)
(21)
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for Z2-even mode and 0 for Z2-odd mode. Thus, only Z2-even mode is uplifted to S
2 which is
consistent with the number of chiral zero-modes on both T 2/Z2 and S
2.
As a result, the wavefunction after the blow-up is described by
φj,Mup =


φj,M
′
S2 =
dj,M
′
1
(1 + |z′|2)M
′
2
gj,M
(
r
2
√
3z′
)
(|z′| ≤ 1√
3
)
φj,M
T 2/Z+2
= cj,M1 e
−piM|z|2
2Imτ gj,M(z) (|z| ≥ r)
, (22)
for j = 0,M/2 and
φj,Mup =


φj,M
′
S2 =
√
2dj,M
′
1
(1 + |z′|2)M
′
2
gj,M
(
r
2
√
3z′
)
(|z′| ≤ 1√
3
)
φj,M
T 2/Z+2
= cj,M1 e
−piM|z|2
2Imτ
gj,M(z) + gM−j,M(z)√
2
(|z| ≥ r)
, (23)
for 0 < j < M/2. Although the explicit values of normalization factors cj,M1 and d
j,M ′
1 are
not determined yet, the ratio of the normalization factors is constrained as in Eq. (17). The
fermionic wavefunction after the blow-up is obtained by shifting the flux on S2 asM ′′ =M ′+1,
leading to cosM
′′−1 θ
2
= cosM
′ θ
2
.
Note that the deficit angles of other three fixed points are all the same with the above
case, namely a quarter of S2 with radius r/
√
3 is embedded into each of the other fixed points.
Totally, all the S2 region is pasted together, meaning that the blow-up region is homeomorphic
to S2.
2.2.2 T 2/ZN
In this section, we generalize the T 2/Z2 to the T
2/ZN system. In particular, we focus on the
C/ZN singularity on T
2/ZN . Similar to the T
2/Z2 orbifold, we cut out the region with radius
r around C/ZN singularity, where
N−1
2N
of S2 with radius r
N
is embedded as drawn in Fig. 2.
To smoothly connect the T 2/ZN and S
2 wavefunctions, we introduce the normalization
factors cj,MN−1 and d
j,M ′
N−1,
cj,MN−1φ
j,M
T 2/ZN
∣∣∣∣
|z|=r
= dj,M
′
N−1φ
j,M ′
S2 (z
′)
∣∣∣∣
θ=θ0
, (24)
where we consider the bosonic wavefunction. Under our Ansatz that the holomorphic part of
T 2/ZN wavefunction is unchanged after the blow-up, both the T
2/ZN and S
2 wavefunctions
are smoothly connected under
cj,MN−1e
− piM
2Imτ
r2 = dj,M
′
N−1 cos
M ′ θ0
2
,
d
dr
cj,MN−1e
− piM
2Imτ
r2 =
tan θ0
r
d
dθ
dj,M
′
N−1 cos
M ′ θ
2
∣∣∣∣
θ=θ0
, (25)
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Figure 2: The left panel shows the net of a cone cut out around the C/ZN singularity from
T 2/ZN , whereas in the right panel, the cone cut out by T
2/ZN and a section of embedded
subpart of S2 with radius r
2
√
2
are drawn.
with cos θ0 =
1
N
, from which the normalization factors cj,MN−1, d
j,M ′
N−1 and flux quanta are con-
strained as
dj,M
′
N−1
cj,MN−1
=
(
N + 1
2N
)M ′/2
e
N−1
4
M ′ ,
N − 1
2N
M ′ =
pir2
NImτ
M. (26)
We recall that an amount of flux quanta in T 2/ZN region reduces to
pir2
NImτ
M , because the
area cut out from T 2/ZN is pir
2/N compared with the total area Imτ . By a similar reason, an
amount of flux quanta in the S2 region also reduces to (N − 1)M ′/(2N) due to the fact that
we embed a proper part of S2.
The holomorphic part of the wavefunctions on S2 should be consistent with the coordinate
transformation,
df j,M
′
(z)
dz
∣∣∣∣
z=reiϕ/2
=
df j,M
′
(w)
dw
∣∣∣∣
w= r
2
eiϕ
=
1
r
N
√
N+1
N−1
df j,M
′
(
r
N
√
N+1
N−1z
′
)
dz′
∣∣∣∣∣
z′=
√
N+1
N−1 e
iϕ
, (27)
with w = r
N
√
N+1
N−1z
′ being the coordinate of a spherical surface, and we then find that the
holomorphic function f j,M
′
(z′) in the bosonic wavefunction on S2 is chosen as
f j,M
′
(z′) =
√
Ngj,M
(
r
N
√
N + 1
N − 1z
′
)
, (28)
where it is noted that M ′ depends on M through Eq. (26). Following the same procedure in
Sec. 2.2.1, it turns out that only ZN -invariant mode functions (m = 0 in Eq. (9)) can be uplifted
to S2, meaning that other mode functions (m 6= 0) vanish.
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As a result, the wavefunction after the blow-up is obtained as
φj,Mup =


φj,M
′
S2 =
√
Ndj,M
′
N−1
(1 + |z′|2)M
′
2
gj,M
(
r
N
√
N+1
N−1z
′
)
(|z′| ≤
√
N−1
N+1
)
φj,MT 2/ZN = c
j,M
N−1e
−piM|z|2
2Imτ
1√
N
∑N−1
k=0 g
j,M(ρkz) (|z| ≥ r)
. (29)
When we consider blow-ups of all the fixed points, the pasted region is homeomorphic to
S2.
2.3 Normalization
In this section, we determine the normalization factors. We study the wavefunctions on the
blow-up of T 2/Z2. In particular, we consider the blow-up, where the singularity at only the
origin (x, y) = (0, 0) is resolved. That is, we calculate the norm of the wavefunctions:
fjk ≡
∫
|z|≥r
dzdz¯ φj,M
T 2/Z+2
(
φk,M
T 2/Z+2
)∗
+
∫
|z′|≤ 1√
3
dz′dz¯′ φj,M
′
S2
(
φk,M
′
S2
)∗
=
∣∣∣∣∣c
j,M
1
NM
∣∣∣∣∣
2
δjk −
∫
|z|≤r
dzdz¯ φj,M
T 2/Z+2
(
φk,M
T 2/Z+2
)∗
+
∫
|z′|≤ 1√
3
dz′dz¯′ φj,M
′
S2
(
φk,M
′
S2
)∗
, (30)
where NM = (2MIm(τ)/A2)1/4 is the normalization factor on T 2/Z2. Here and in what follows,
we show the bosonic wavefunctions, but it is applicable to the fermionic wavefunctions by
shifting the flux M → M + 1.
Details of computations are shown in Appendix A. As a result, the normalization factor
reduces to be
fjk ≃


cj,M1 (c
k,M
1 )
∗
|NM |2
(
δjk +
1
2pi
(
pir2
2
[
φj,M
T 2/Z−2
]′
(0)
)(
pir2
2
[
φk,M
T 2/Z−2
]′
(0)
)∗)
(0 < j < M
2
)
cj,M1 (c
k,M
1 )
∗
|NM |2 δjk (j = 0,
M
2
)
,
(31)
where φj,M
T 2/Z−2
is the Z2-odd wavefunction on T
2/Z2 and we note that
[
φj,M
T 2/Z+2
]′
(0) ≡
dφj,M
T2/Z+2
dz
∣∣∣∣∣
z=0
=
0. It is remarkable that the wavefunctions with j = 0, M
2
still correspond to the orthogonal
basis even on the blow-up of the T 2/Z2 orbifold. Thus, we set
∣∣∣cj,M1 ∣∣∣ ≃ |NM | for j = 0, M2 . In
particular, the model with M = 2 has only these two modes, and nothing changes even after
the blow-up.
On the other hand, for 0 < j < M
2
, Z2-odd effects affect the Z2-even part at the O(r4) level.
When r4 ≪ 1, the effect of fjk (j 6= k) on normalization is much smaller than fjj (j = k).
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Thus, we normalize the wavefunctions such that they satisfy fjj = 1. Then, the normalization
factor is given by
∣∣∣cj,M1 ∣∣∣ = |NM |
(
1 +
1
pi
(
pir2
2
)2 ∣∣∣∣[φj,MT 2/Z−2
]′
(0)
∣∣∣∣
2
)− 1
2
≃ |NM |
(
1− 1
2pi
(
pir2
2
)2 ∣∣∣∣[φj,MT 2/Z−2
]′
(0)
∣∣∣∣
2
)
. (32)
In addition, this fjk is a Hermitian matrix and unitary at O(r4) order which gives the
wavefunction φ˜j
′
in the orthonormal basis. When we expand the wavefunction around the
origin z = z′ = 0, like φj(z) ≃ φj(0)+ (φj)′(0)z, and rotate it at O(r4), φj(0) can be rotated at
the order of r4, but (φj)′(0) is rotated at O(r5) order due to the fact that z linearly depends
on r. Thus, it is enough to consider φj(0) at the O(r4) level, in other words the wavefunctions
are orthogonal to each other at z, z′ 6= 0, namely φ˜j′ = φj . From the unitary matrix f , φj(0)
can be expanded as
φj (0) = φ˜j
′
(0) +
1
2pi
(
pir2
2
)2∑
l′ 6=j′
([
φ˜j
′
T 2/Z−2
]′
(0)
)([
φ˜l
′
T 2/Z−2
]′
(0)
)∗ (
φ˜l
′
(0)
)
, (33)
where the second term is relevant for M ≥ 5. Indeed, only for these values of M , the Z2-odd
pair gives Z2-even term.
Similarly, we can compute the wavefunction normalization on the blow-up of T 2/Z2, where
some and all of fixed points are resolved. Also, we can calculate the wavefunction normalization
of the blow-ups of T 2/ZN orbifolds.
3 Yukawa couplings and modular symmetry
In this section, we study Yukawa couplings on resolutions of T 2/Z2 by calculating the overlap
integral of the zero-mode wavefunctions. We also discuss the modular symmetry.
3.1 Yukawa couplings on resolutions of T 2/Z2
In the following analysis, we do not distinguish the bosonic and fermionic wavefunctions, since
their functional forms are the same. By using the identity of theta function:
ϑ
[
r
N1
0
]
(z1, τN1)ϑ
[
s
N2
0
]
(Z2, τN2) =
∑
m∈ZN1+N2
ϑ
[
r+s+N1m
N1+N2
0
]
(z1 + Z2, τ (N1 +N2)) (34)
× ϑ
[N2r−N1s+N1N2m
N1N2(N1+N2)
0
]
(z1N2 − Z2N1, τN1N2 (N1 +N2)) ,
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we obtain the zero-mode product expansion for i, j = 0, M
2
,
φi,Iab
T 2/Z+2
φj,Ica
T 2/Z+2
=
∣∣∣∣ ci,Iabcj,Icaci+j+Iabm,Icb
∣∣∣∣ ∑
m∈ZI
bc
φi+j+Iabm,Icb
T 2/Z+2
ϑ
[ Icai−Iabj+IabIcam
−IabIcaIbc
0
]
(0, τ |IabIbcIca|) ,
φi,IabS2 φ
j,Ica
S2 =
∣∣∣∣ di,Iabdj,Icadi+j+Iabm,Icb
∣∣∣∣ ∑
m∈ZIbc
φi+j+Iabm,IcbS2 ϑ
[ Icai−Iabj+IabIcam
−IabIcaIbc
0
]
(0, τ |IabIbcIca|) , (35)
where we denote magnetic fluxes by Iab, Ibc, and Ica. By use of these identities, Yukawa couplings
are derived as2
Yijk ≃
∣∣∣∣NIabNIcaNIbc
∣∣∣∣ϑ
[
− 1
Iab
(
j
Ica
+ k
Ibc
)
0
]
(0, τ |IabIbcIca|) . (36)
The obtained Yukawa couplings are unchanged after the blow-up, but we note that
∣∣∣∣∣
(
dj,Iab
cj,Iab
)(
dj,Ica
cj,Ica
)
(
dj,Icb
cj,Icb
)
∣∣∣∣∣ =
1 using Iab+Ica = Icb = −Ibc and k = i+j mod Iab. Indeed, when i, j = 0, M2 , the normalization
constant is also the same with the toroidal orbifold one as in Eq. (31).
By contrast, when 0 < j < M
2
, Eq. (35) is changed to
φi,Iab
T 2/Z+2
φj,Ica
T 2/Z+2
=
1√
2
∑
m∈ZIbc
∣∣∣∣ ci,Iabcj,Icaci+j+Iabm,Icb
∣∣∣∣φi+j+Iabm,IcbT 2/Z+2 ϑ
[ Icai−Iabj+IabIcam
−IabIcaIbc
0
]
(0, τ |IabIbcIca|)
+
∣∣∣∣ ci,Iabcj,IcacIab−i+j+Iabm,Icb
∣∣∣∣φIab−i+j+Iabm,IcbT 2/Z+2 ϑ
[ Ica(Iab−i)−Iabj+IabIcam
−IabIcaIbc
0
]
(0, τ |IabIbcIca|) .
(37)
The identity for φi,IabS2 changes by the factor
√
2 from Eq. (35). These zero-mode product
expansion is realized even if we include the O(r4) correction.
By use of these zero-mode product expansions, the Yukawa couplings are calculated as
Yijk =
∣∣ci,Iabcj,Icack,Icb∣∣√
2 |NIcb|2
ϑ
[
− 1
Iab
(
j
Ica
+ k
Ibc
)
0
]
(0, τ |IabIbcIca|) + 1
4pi
(
pir2
2
)2
×
(
2
√
2
[
φi,IabT 2 (0)φ
j,Ica
T 2 (0)
(
φk,IcbT 2 (0)
)∗]′′
−
[
φi,Iab
T 2/Z+2
(0)φj,Ica
T 2/Z+2
(0)
(
φk,Icb
T 2/Z+2
(0)
)∗]′′)
. (38)
The first term is coming from k = i+ j mod Iab or k = Iab− i+ j mod Iab. When k = 0, Icb2 , the
right-handed side becomes
√
2 times Eq. (38) and the above Yukawa couplings are the same
with Eq. (36) when i, j = 0, I
2
. Thus, Yukawa couplings receive O(r4) corrections except for
i, j = 0, I
2
, where the O(r4) corrections are mostly originating from the wavefunction at the
origin.
Similarly, we can compute higher-order couplings by using zero-mode product expansions
[27, 28].
2See for details of computations, Appendix A.2.
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3.2 Modular symmetry
In this section, we discuss the modular symmetry, SL(2,Z), which is generated by two elements,
S : τ → −1
τ
,
T : τ → τ + 1. (39)
As shown in Eq. (29), the unnormalized wavefunction on the resolutions of T 2/ZN orb-
ifolds is written by the linear combination of that on torus T 2. Modular transformations of
wavefunctions on T 2 with magnetic fluxes were shown in Refs. [20, 24, 29, 30].
Let us first examine the S-transformation:
τ → −1
τ
. (40)
Around each fixed point |z′| ≤
√
N−1
N+1
, the S2 wavefunction transforms as
φj,M
′
S2 (τ, z
′) =
√
Ndj,M
′
N−1
(1 + |z′|2)M ′/2 e
(N+1)piMr2
2N2(N−1)Imτ (z
′)2
ϑ
[
j
M
0
](
r
N
√
N + 1
N − 1Mz
′,Mτ
)
→
√
Ndj,M
′
N−1
(1 + |z′|2)M ′/2 e
(N+1)piMr2
2N2(N−1)Imτ
( |τ |z′
τ
)2
ϑ
[
j
M
0
](
r
|τ |N
√
N + 1
N − 1M
|τ |z′
τ
,Mτ
)
= (−iτ)1/2 1√
M
√
Ndj,M
′
N−1
(1 + |z′|2)M ′/2 e
(N+1)piMr2
2N2(N−1)Imτ (z
′)2
ϑ
[
0
j
M
](
− r
N
√
N + 1
N − 1z
′,
τ
M
)
≡ (−iτ)1/2χj,M ′S2 (τ,−z′)
= (−iτ)1/2 1√
M ′
∑
k
e2pii
jk
M′ φk,M
′
S2 (τ,−z′) , (41)
whereas outside the fixed point |z| ≥ r, we obtain
φj,MT 2 (τ, z) = c
j,M
N−1e
ipiMz Imz
Imτ ϑ
[
j
M
0
]
(Mz,Mτ)
→ cj,M ′N−1eipiM
z
τ
Imτ¯z
Imτ ϑ
[
j
M
0
](
M
z
τ
,−M
τ
)
= (−iτ)1/2 1√
M
cj,M
′
N−1e
ipiMz Imz
Imτ ϑ
[
0
j
M
] (
−z, τ
M
)
≡ (−iτ)1/2χj,MT 2 (τ,−z)
= (−iτ)1/2 1√
M
∑
k
e2pii
jk
M φk,MT 2 (τ,−z′) . (42)
Here, we used
ϑ
[
0
a
](
ν
κ
,−1
κ
)
= (−iκ) 12 eipi ν
2
κ ϑ
[
a
0
]
(ν, κ) (43)
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and employed
χj,M =
1√
M
∑
k
e2pii
jk
M φk,M . (44)
In addition, since the T generator transforms only the theta function part, the S2 wavefunction
and the T 2/Z2 wavefunction outside the fixed point |z| ≥ r transform in the same way under
the T -transformation. Thus, unnormalized wavefunctions transform under both S- and T -
transformations in the same way as those without the blow-up. However, in the orthonormal
basis of wavefunctions as demonstrated in T 2/Z2 case (Sec. 2.3), normalization factor receives
O(r4) corrections which are changed under the modular transformations. Because of these
corrections, modular transformation behaviors of wavefunctions on the blow-up of T 2/Z2 are
different from those on the orbifold T 2/Z2 by O(r4).
4 Conclusion
We have proposed the zero-mode wavefunctions on the resolutions of T 2/ZN orbifolds with
constant magnetic fluxes, where the orbifold fixed points are replaced by a part of sphere. We
find that the ZN -invariant zero-mode wavefunctions on T
2/ZN orbifolds are smoothly connected
with wavefunctions on S2. Since obtained zero-mode wavefunctions receive blow-up effects at
the order of r4, where r is the blow-up radius, the modular transformation of wavefunctions and
the Yukawa couplings among chiral zero-modes are different from the toroidal orbifold results.
It is interesting to extent our results to more general higher-dimensional toroidal orbifolds such
as T 4/ZN and T
6/ZN .
Acknowledgments
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A Normalization of wavefunctions and Yukawa couplings
A.1 Normalization
Here, we calculate fjk in Eq. (30) for 0 < j <
M
2
. Under the blow-down regime pir
2
Imτ
≪ 1,
normalization factor is estimated as∫
|z|≤r
dzdz¯ φj,M
T 2/Z+2
(
φk,M
T 2/Z+2
)∗
≃ c
j,M
1 (c
k,M
1 )
∗
2
∑
l,m
e
piiMReτ
[
( jM+l)
2−( kM+m)
2
]
e
−piMImτ
[
( jM+l)
2
+( kM+m)
2
] ∫ r
0
d |z| |z|
∫ pi
2
−pi
2
d
(ϕ
2
)
× [e2piiM |z| cos ϕ2 [( jM+l)−( kM+m)] + e−2piiM |z| cos ϕ2 [( jM+l)−( kM+m)]
+ e2piiM |z| cos
ϕ
2 [(
j
M
+l)+( kM+m)] + e−2piiM |z| cos
ϕ
2 [(
j
M
+l)+( kM+m)]
]
≃ cj,M1 (ck,M1 )∗
∑
l,m
e
piiM
[
τ( jM+l)
2−τ¯( kM+m)
2
] ∫ r
0
d |z| |z| (2pi − 2pi3 |z|2 [(j + lM)2 + (k +mM)2])
= cj,M1 (c
k,M
1 )
∗pir2
∑
l,m
e
piiM
[
τ( jM+l)
2−τ¯( kM+m)
2
](
1− (pir)
2
2
[
(j + lM)2 + (k +mM)2
])
(45)
and ∫
|z′|≤ 1√
3
dz′dz¯′ φj,M
′
S2
(
φk,M
′
S2
)∗
≃ dj,M ′1 (dk,M
′
1 )
∗∑
l,m
2e
piiM
[
τ( jM+l)
2−τ¯( kM+m)
2
] ∫ 1√
3
0
(
r
√
3
2
d |z′|
)
r
√
3
2
|z′| e
3
4
pir2
Imτ
M |z′|2
(
1 + |z′|2) 2pir2Imτ M
×
∫ pi
−pi
dϕ e2piiMr
√
3
2
|z′| cosϕ[( jM+l)−( kM+m)]
= dj,M
′
1 (d
k,M ′
1 )
∗∑
l,m
e
piiM
[
τ( jM+l)
2−τ¯( kM+m)
2
] ∫ 1√
3
0
(
r
√
3
2
d |z′|
)
r
√
3
2
|z′| e
3
4
pir2
Imτ
M |z′|2
(
1 + |z′|2) 2pir2Imτ M
× 2
∫ pi
0
dϕ cos
(
2piMr
√
3
2
|z′| cosϕ
[(
j
M
+ l
)
−
(
k
M
+m
)])
≃ dj,M ′1 (dk,M
′
1 )
∗∑
l,m
2e
piiM
[
τ( jM+l)
2−τ¯( kM+m)
2
] ∫ 1√
3
0
(
r
√
3
2
d |z′|
)
r
√
3
2
|z′| e
3
4
pir2
Imτ
M |z′|2
(
1 + |z′|2) 2pir2Imτ M
×

(2pi)− (2pi)pi2
(
r
√
3
2
|z′|
)2
[(j + lM)− (k +mM)]2


≃ cj,M1 (ck,M1 )∗pir2
∑
l,m
e
piiM
[
τ( jM+l)
2−τ¯( kM+m)
2
](
1− (pir)
2
2
[(j + lM)− (k +mM)]2
)
. (46)
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In a similar way, in j = 0, M
2
case, normalization factor becomes∫
|z|≤r
dzdz¯ φj,M
T 2/Z+2
(
φj,M
T 2/Z+2
)∗
≃ cj,M1 (ck,M1 )∗
∑
l,m
e
piiM
[
τ( jM+l)
2−τ¯( kM+m)
2
] ∫ r
0
d |z| |z|
∫ pi
2
−pi
2
d
(ϕ
2
)
e2piiM |z| cos
ϕ
2 [(
j
M
+l)−( kM+m)]
≃ cj,M1 (ck,M1 )∗
∑
l,m
e
piiM
[
τ( jM+l)
2−τ¯( kM+m)
2
] ∫ r
0
d |z| |z| (pi − pi3 |z|2 [(j + lM)− (k +mM)]2)
= cj,M1 (c
k,M
1 )
∗pir
2
∑
l,m
e
piiM
[
τ( jM+l)
2−τ¯( kM+m)
2
](
1− (pir)
2
2
[(j + lM)− (k +mM)]2
)
, (47)
which is consistent with Eq. (45) by taking into account j
M
+ l → − ( j
M
+ l
)
and the multipli-
cation of overall factor
(
1√
2
)2
in Eq. (45). Furthermore, φj,M
′
S2 part is determined by multiplying(
1√
2
)2
with Eq. (46),
∫
|z′|≤ 1√
3
dz′dz¯′ φj,M
′
S2
(
φk,M
′
S2
)∗
≃ cj,M1 (ck,M1 )∗
pir2
2
∑
l,m
e
piiM
[
τ( jM+l)
2−τ¯( kM+m)
2
](
1− (pir)
2
2
[(j + lM)− (k +mM)]2
)
. (48)
When 0 < j < M
2
and j = 0, M
2
cases appear in the integral, we can calculate T 2/Z2 part by
replacing j
M
+ l → − ( j
M
+ l
)
for j = 0, M
2
and the result is just
√
2 times Eq. (47). In the S2
part, the result is also
√
2 times Eq. (48).
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A.2 Yukawa couplings
By use of Eq. (35), Yukawa couplings are derived as
Yijk =
∫
|z|≥r
dzdz¯ φi,Iab
T 2/Z+2
φj,Ica
T 2/Z+2
(
φk,Icb
T 2/Z+2
)∗
+
∫
|z′|≤ 1√
3
dz′dz¯′ φi,IabS2 φ
j,Ica
S2
(
φk,IcbS2
)∗
=
∑
m∈ZI
bc
ϑ
[ Icai−Iabj+IabIcam
−IabIcaIbc
0
]
(0, τ |IabIbcIca|)×
[∣∣∣∣ci,Iabcj,Icack,Icb
∣∣∣∣
∫
|z|≥r
dzdz¯ φi+j+Iabm,Icb
T 2/Z+2
(
φk,Icb
T 2/Z+2
)∗
+
∣∣∣∣di,Iabdj,Icadk,Icb
∣∣∣∣
∫
|z′|≤ 1√
3
dz′dz¯′ φi+j+Iabm,IcbS2
(
φk,IcbS2
)∗ ]
=
∣∣∣∣ci,Iabcj,Icack,Icb
∣∣∣∣ ∑
m∈ZI
bc
ϑ
[ Icai−Iabj+IabIcam
−IabIcaIbc
0
]
(0, τ |IabIbcIca|)
×
[∫
|z|≥r
dzdz¯ φi+j+Iabm,Icb
T 2/Z+2
(
φk,Icb
T 2/Z+2
)∗
+
∫
|z′|≤ 1√
3
dz′dz¯′ φi+j+Iabm,IcbS2
(
φk,IcbS2
)∗]
=
∣∣∣∣ci,Iabcj,Icack,Ibc
∣∣∣∣ ∑
m∈ZI
bc
ϑ
[ Icai−Iabj+IabIcam
−IabIcaIbc
0
]
(0, τ |IabIbcIca|) fi+j+Iabm,k
≃
∣∣∣∣NIabNIcaNIbc
∣∣∣∣ϑ
[
− 1
Iab
(
j
Ica
+ k
Ibc
)
0
]
(0, τ |IabIbcIca|) . (49)
The obtained Yukawa couplings are unchanged after the blow-up, but we note that
∣∣∣∣∣
(
dj,Iab
cj,Iab
)(
dj,Ica
cj,Ica
)
(
dj,Icb
cj,Icb
)
∣∣∣∣∣ =
1 using Iab+Ica = Icb = −Ibc and k = i+j mod Iab. Indeed, when i, j = 0, M2 , the normalization
constant is also the same with the toroidal orbifold one as in Eq. (31).
Similarly, for 0 < j < M
2
, by use of zero-mode product expansion, the Yukawa couplings are
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calculated as
Yijk =
∫
|z|≥r
dzdz¯ φi,Iab
T 2/Z+2
φj,Ica
T 2/Z+2
(
φk,Icb
T 2/Z+2
)∗
+
∫
|z′|≤ 1√
3
dz′dz¯′ φi,IabS2 φ
j,Ica
S2
(
φk,IcbS2
)∗
=
∑
m∈ZI
bc
1√
2
∣∣∣∣ ci,Iabcj,Icaci+j+Iabm,Icb
∣∣∣∣ϑ
[ Icai−Iabj+IabIcam
−IabIcaIbc
0
]
(0, τ |IabIbcIca|)
∫
|z|≥r
dzdz¯ φi+j+Iabm,Icb
T 2/Z+2
(
φk,Icb
T 2/Z+2
)∗
+
1√
2
∣∣∣∣ ci,Iabcj,IcacIab−i+j+Iabm,Icb
∣∣∣∣ϑ
[ Ica(Iab−i)−Iabj+IabIcam
−IabIcaIbc
0
]
(0, τ |IabIbcIca|)
∫
|z|≥r
dzdz¯ φIab−i+j+Iabm,Icb
T 2/Z+2
(
φk,Icb
T 2/Z+2
)∗
+
√
2
∣∣∣∣di,Iabdj,Icadk,Icb
∣∣∣∣ϑ
[ Icai−Iabj+IabIcam
−IabIcaIbc
0
]
(0, τ |IabIbcIca|)
∫
|z′|≤
√
N−1
N+1
dz′dz¯′ φi+j+Iabm,IcbS2
(
φk,IcbS2
)∗
≃
∣∣ci,Iabcj,Icack,Icb∣∣√
2 |NIcb|2
ϑ
[
− 1
Iab
(
j
Ica
+ k
Ibc
)
0
]
(0, τ |IabIbcIca|)
−
(
pir2
2
)(
φi,Iab
T 2/Z+2
(0)φj,Ica
T 2/Z+2
(0)
(
φk,Icb
T 2/Z+2
(0)
)∗
+
1
4pi
(
pir2
2
)[
φi,Iab
T 2/Z+2
(0)φj,Ica
T 2/Z+2
(0)
(
φk,Icb
T 2/Z+2
(0)
)∗]′′)
+ 2
√
2
(
pir2
2
)(
φi,IabT 2 (0)φ
j,Ica
T 2 (0)
(
φk,IcbT 2 (0)
)∗
+
1
4pi
(
pir2
2
)[
φi,IabT 2 (0)φ
j,Ica
T 2 (0)
(
φk,IcbT 2 (0)
)∗]′′)
=
∣∣ci,Iabcj,Icack,Icb∣∣√
2 |NIcb|2
ϑ
[
− 1
Iab
(
j
Ica
+ k
Ibc
)
0
]
(0, τ |IabIbcIca|)
+
1
4pi
(
pir2
2
)2(
2
√
2
[
φi,IabT 2 (0)φ
j,Ica
T 2 (0)
(
φk,IcbT 2 (0)
)∗]′′
−
[
φi,Iab
T 2/Z+2
(0)φj,Ica
T 2/Z+2
(0)
(
φk,Icb
T 2/Z+2
(0)
)∗]′′)
.
(50)
The first term is coming from k = i+ j mod Iab or k = Iab− i+ j mod Iab. When k = 0, Icb2 , the
right-handed side becomes
√
2 times Eq. (50) and the above Yukawa couplings are the same
with Eq. (49) when i, j = 0, I
2
.
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